We suggest that propagation of nonclassical light in lattices of optical waveguides can provide a laboratory tool to simulate quantum decoherence phenomena with high non-Markovian features. As examples, we study decoherence of optical Schrödinger cats in a lattice that mimics a dissipative quantum harmonic oscillator coupled to a quantum bath, showing fractional decoherence in the strong coupling regime, and [12, 13], and quantum walks [14][15][16][17][18] to mention a few. The effective decoherence-free properties of photons in waveguide lattices make them a very attractive test-bed for realizing many quantum mechanical behaviors that require low decoherence. On the other hand, decoherence of quantum objects coupled to the environment plays a major role in quantum science and technology, for example it is at the heart of the quantum-classical boundary [19, 20]. Cavity quantum electrodynamics experiments [21,22] beautifully showed decoherence of nontrivial photon states, including Schrödinger cat states. Here decoherence is generally observed as an irreversible Markovian process, which can be described by a Lindblad-type master equation for the reduced density matrix [20]. In recent works an increasing attention has been devoted to the investigation of memory (non-Markovian) effects in decoherence processes [23][24][25][26][27][28] and to the realization of quantum simulators where the decoherence dynamics can be measured and controlled [26, 29]. In this Letter we suggest that lattices of optical waveguides probed with non-classical states of light can provide an attractive test bed for simulating decoherence phenomena in highly non-Markovian regimes. This setup can offer several advantages, including the possibility to simulate ultrastrong coupling regimes leading to limited decoherence [27, 28] and to perform statistical measurements on different realizations without the need to store photons in cavities. In our photonic realization, the open quantum system is provided by a reference waveguide W of the array, whereas the surrounding waveguides provide the structured quantum bath B into which photons can decay via evanescent coupling [12, 13]. Photon state propagation along the longitudinal direction z of the array emulates a unitary evolution in time t described by a system-bath HamiltonianĤ, with t = z/c. We will specifically discuss the photonic simulation of two non-Markovian effects: revivals and fractional decoherence [27, 28] of a dissipative quantum oscillator in the strong coupling regime, and damped revivals of coherence for an optical Schrödinger cat state [30] undergoing Bloch oscillations (BOs) and Zener tunneling (ZT). As a first example, we propose a waveguide simulator of the dissipative harmonic oscillator, which is a workhorse for the study of decoherence in quantum mechanics and quantum optics [20, 31]. The optical structure, shown in Fig.1(a) , consists of an optical waveguide W sidecoupled to a semi-inifinite waveguide array, which provides a structured reservoir B [12,13]. Assuming nearestneighbor coupling from the evanescent fields between waveguides j and j + 1 (coupling constant κ j ) and propagation constant σ j , in the tight-binding approximation the HamiltonianĤ (withh = 1) reads [14][15][16] 
Lattices of evanescently-coupled optical waveguides probed with either classical or non-classical states of light have provided over the past decade a useful laboratory tool for simulating a wealth of coherent quantum phenomena [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] , including Bloch oscillations and Zener tunneling [1, [4] [5] [6] [7] , dynamic [8] and Anderson [9] [10] [11] localization, quantum Zeno effect [12, 13] , and quantum walks [14] [15] [16] [17] [18] to mention a few. The effective decoherence-free properties of photons in waveguide lattices make them a very attractive test-bed for realizing many quantum mechanical behaviors that require low decoherence. On the other hand, decoherence of quantum objects coupled to the environment plays a major role in quantum science and technology, for example it is at the heart of the quantum-classical boundary [19, 20] . Cavity quantum electrodynamics experiments [21, 22] beautifully showed decoherence of nontrivial photon states, including Schrödinger cat states. Here decoherence is generally observed as an irreversible Markovian process, which can be described by a Lindblad-type master equation for the reduced density matrix [20] . In recent works an increasing attention has been devoted to the investigation of memory (non-Markovian) effects in decoherence processes [23] [24] [25] [26] [27] [28] and to the realization of quantum simulators where the decoherence dynamics can be measured and controlled [26, 29] .
In this Letter we suggest that lattices of optical waveguides probed with non-classical states of light can provide an attractive test bed for simulating decoherence phenomena in highly non-Markovian regimes. This setup can offer several advantages, including the possibility to simulate ultrastrong coupling regimes leading to limited decoherence [27, 28] and to perform statistical measurements on different realizations without the need to store photons in cavities. In our photonic realization, the open quantum system is provided by a reference waveguide W of the array, whereas the surrounding waveguides provide the structured quantum bath B into which photons can decay via evanescent coupling [12, 13] . Photon state propagation along the longitudinal direction z of the array emulates a unitary evolution in time t described by a system-bath HamiltonianĤ, with t = z/c. We will specifically discuss the photonic simulation of two non-Markovian effects: revivals and fractional decoherence [27, 28] of a dissipative quantum oscillator in the strong coupling regime, and damped revivals of coherence for an optical Schrödinger cat state [30] undergoing Bloch oscillations (BOs) and Zener tunneling (ZT). As a first example, we propose a waveguide simulator of the dissipative harmonic oscillator, which is a workhorse for the study of decoherence in quantum mechanics and quantum optics [20, 31] . The optical structure, shown in Fig.1(a) , consists of an optical waveguide W sidecoupled to a semi-inifinite waveguide array, which provides a structured reservoir B [12, 13] . Assuming nearestneighbor coupling from the evanescent fields between waveguides j and j + 1 (coupling constant κ j ) and propagation constant σ j , in the tight-binding approximation the HamiltonianĤ (withh = 1) reads [14] [15] [16] 
whereâ † j andâ j are the bosonic creation and annihilation operators for a photon in waveguide j and j = 0 is the boundary defective waveguide W. We assume a uniform semi-infinite array B with hopping rate κ j = κ and σ j = 0 for j ≥ 1, and a defective waveguide W with propagation constant detuning σ 0 coupled to the semiarray B with a hopping rate κ 0 . Memory effects arise in the strong coupling regime κ ∼ κ 0 , whereas a Markovian dynamics is attained in the weak coupling limit κ 0 ≪ κ [12, 13] . To show the equivalence of the Hamiltonian (1) with that of a dissipative quantum harmonic oscillator [20, 31] , it is worth introducing the bosonic creation operatorsb † (q) of Bloch modes in the semi-infinite array B via the relation [16] 
, where −π ≤ q < π is the Bloch wave number. In this way the Hamiltonian (1) takes the form
were we have set ω(q) = 2κ cos q, 
In this form, the HamiltonianĤ describes a quantum harmonic oscillator of frequency σ 0 , coupled to a bath of harmonic oscillators of frequencies ω(q) with a colored interaction g(q). Let us assume that at the z = 0 input plane the boundary waveguide W is excited by an optical Schrödinger cate state [30] , i.e. let us assume that the state vector of the system at z = 0 is given by
where |α ≡
is a coherent state with complex amplitude α (α = α 0 , β 0 ) and N is a normalization constant. In the following, we will typically assume β 0 = −α 0 , so that N = 2 + 2 exp(−2|α 0 | 2 ) ≃ 2 for a mean photon number n = |α 0 | 2 larger than ≃ 2. Linear propagation in the lattice realizes a unitary map on the photon creation operators: the state vector of the system at a propagation distance z is obtained from the expression of |Q(z = 0) after the formal replacementâ † 0 → ∞ j=0 S j,0 (z)â † j , where S j,0 (z) is the amplitude probability that one photon, initially injected into waveguide W (j = 0), is found at waveguide j after a propagation z [6, 7, 16] . For a pure state, the density matrix of the full system {W + B} is given byρ(z) = |Q(z) Q(z)|, and the reduced density matrix ρ W (z) for the photon state in waveguide W can be readily obtained tracing over the degrees of freedom of the other waveguides. One obtainŝ
where we have set α(z) = α 0 S 0,0 (z), β(z) = β 0 S 0,0 (z) and
Equation (4) clearly shows that the off-diagonal elements of the density matrixρ W in the coherent-state basis {|α(z) , |β(z) } are damped by the factor G(z), which is an exponential function of the single-photon decay probability 1 − |S 0,0 (z)| 2 , multiplied by 2 n for β 0 = −α 0 . The amplitude probability S 0,0 (z) can be computed by standard coupled-mode equation analysis [12, 13] . For σ 0 = 0 and in the weak coupling regime κ 0 ≪ κ, one has |S 0,0 (z)| 2 ≃ exp(−γz) with γ = 2κ 2 0 /κ [12, 13] , and hence the result given by Eqs. (4) and (5) exactly reproduces the ordinary model of decoherence for a Schrödinger cat state in the dissipative quantum harmonic oscillator as obtained from the Lindblad master equation in the Markovian limit [20, 31] : the coherence rapidly decays toward zero with a characteristic lifetime given by ∼ 1/(2γ n ), which is extremely small for a macroscopic cat state (i.e. n ≫ 1). Non-Markovian features of the decoherence process arise from deviation of the singlephoton survival probability |S 0,0 (z)| 2 from an exponential function. As examples, in Fig.1(b) we plot the behavior of the coherence factor G(z) for a Schrödinger cat state with α 0 = −β 0 = 3 and a few values of κ 0 /κ and σ 0 /κ. The figure clearly shows that, in the strong coupling regime, the decoherence process strongly deviates from the irreversible Markovian decay. In particular, damped or sustained periodic revivals of the coherence [curves 2 and 3 in Fig.1(b) ] and fractional decoherence [curve 4 in Fig.1(b) ] can be observed. Periodic revivals of the coherence, shown by curve 3 in Fig.1(b) , are due to the existence of two non-degenerate bound states at the lattice edge (surface states), whose beating leads to the characteristic oscillating and non-decaying behavior of the single-photon survival probability. In case of curve 4 of Fig.1(b) , the decoherence is fractional, i.e. after a transient the coherence factor G(z) settles down to a steady-state and non-vanishing value. This is due to the existence of a single bound state, rather than to two non-degenerate bound states. This kind of limited decoherence in the strong coupling regime was previously studied in Ref. [27] and is found in other systems as well, such as in the spin-boson model [28] . As compared to the model of Ref. [27] , in our case fluctuations induced from the coupling to the reservoir are not included.
The results provided by Eqs. (4) and (5) for the decoherence of a Schrödinger cat state that excites a reference waveguide W of the lattice are very general and hold for an arbitrary lattice structure. To prove this state-ment, we propagate a quantized field in an arbitrary lattice structure beyond the tight-binding model using the rather general formalism of Ref. [6] . Let us indicate by u(x) the classical field profile of the guided mode sustained by the reference waveguide W of the lattice, with the normalization dx|u(x)| 2 = 1, and let us indicate byâ † 0 = dxu(x)φ † (x) the creation operator of photons in the waveguide mode, whereφ † (x) is the bosonic creation operator of the monochromatic field satisfying the commutation relations [φ(x),φ [6] . Like in the previous example, the waveguide W is assumed to be excited at the input plane by a Schrödinger cat state, i.e. the state vector of the field at z = 0 is given by Eq.(3). At a successive propagation distance z, the state vector |Q(z) of the photon field is obtained from its expression at z = 0 after the formal substitution [6] 
, where u(x, z) is the classical field profile that propagates the initial field distribution u(x, z = 0) = u(x) in the lattice up to the distance z. u(x, z) satisfies the classical wave equation, describing light propagation in the lattice, and can be numerically computed by standard methods. The classical field u(x, z) can be rather generally decomposed as the superposition of the field that remains trapped in the waveguide W and the field that belongs to the other modes of the lattice (i.e. that has decayed into the bath), i.e. u(x, z) = S 0,0 (z)u(x) + g(x, z), where g(x, 0) = 0, S 0,0 (0) = 1 and dxu * (x)g(x, z) ≃ 0. Note that, like in the previous example, S 0,0 (z) = dxu * (x)u(x, z) represents the amplitude probability that one photon, initially injected into waveguide W at z = 0, remains trapped in W after a propagation distance z. The reduced density matrixρ W (z) for the photon state in waveguide W at the propagation distance z is obtained from the full density matrixρ(z) = |Q(z) Q(z)| tracing over the degrees of freedom of the field that does not belong to the waveguide mode. After some lengthy but straightforward calculations, one obtains forρ W (z) the expression given by Eqs. (4) and (5), which are thus of very general validity. In an experiment, the coherence of the cat state can be revealed by different means, for example by looking at the interference fringes in the distribution of a properly chosen field quadrature, from the evolution of the Wigner function or reconstructed off-diagonal density matrix elements, or from the modulation in the photon number distribution [20] [21] [22] . The coherence factor G, defined by Eq.(5), is readily connected to such experimentally accessible quantities. For example, the photon number distribution in waveguide W at a given propagation distance z for an initial cat with β 0 = −α 0 is given by
, which develops only along even number states for a coherent cat (G = 1). The modulation in the photon number distribution is lacking in a statistical mixture (G = 0), which contains all photon numbers and P n (z) = P (mix) n (z) is equal to the Poissonian distribution of the single coherent state |α , which can be readily retrieved from a measure of |α(z)| 2 with classical light. The coherence factor G can be then estimated as G(z) = P n (z)/P (mix) n (z) − 1 for a fixed (even) value of n. Similarly, it can be shown that G(z) is the visibility of fringes of the Wigner function (see, for instance, Eq.(9) of Ref. [27] ), which can be measured by quantum tomography methods. As an example, we discuss the decoherence of a Schrödinger cat that undergoes BOs in a uniform waveguide lattice with a superimposed transverse index gradient [4] [5] [6] [7] . To account for the full band structure of the lattice and ZT, S 0,0 (z) is computed by numerical integration of the wave equation for the classical field u(x, z), which in the scalar and paraxial approximations reads where k = 2π/λ is the photon wave number, n s is the refractive index of the dielectric substrate, ∆n(x) is the periodic modulation of refractive index with period a, and F is the superimposed transverse index gradient, which is obtained for instance by circularly bending the waveguide axis [2, 3] . As an example, in Fig.2 we show the results for the decoherence process of a Schrödinger cat undergoing BOs and ZT. The simulations have been performed in a 5-cm-long array of waveguides with an index profile ∆n(x) shown in Fig.2(a) , a photon wavelength λ = 1440 nm, and a substrate refractive index n s = 2.1381; parameter values used in the simulations typically apply to Lithium-Niobate waveguide arrays [8] . Waveguide W is excited at the input plane in its fundamental mode. Figure 2(b) shows, as an example, the evolution of the classical field amplitude |u(x, z)| along the array for an index gradient F = 3.61 cm −1 . The numerically-computed evolution of the coherence factor G(z) is depicted in Fig.2(c) for α 0 = −β 0 = 3 and for a few increasing values of F . The behavior of G(z) clearly shows periodic revivals, which are related to the onset of BOs with the photon probability distribution that initially spreads into adjacent waveguides due discrete diffraction [1] and periodically returns into waveguide W with a spatial periodicity z B = λ/(F a) [2] , see Fig.2(b) . The revivals are imperfect owing to ZT, leading to a damping of the BOs with a damping factor that increases as the index gradient F is increased. The damping of revivals in the coherence factor G(z) are thus the signature of ZT that occurs in each BO cycle. However, as compared to the damping of the photon density |S 0,0 | 2 , the damping of the coherence factor is strongly enhanced by the mean photon number n = |α 0 | 2 of the cat state. Hence, even for a weak ZT, in a macroscopic cat state the decoherence of BOs is extremely fast and the density matrix rapidly reduces to an incoherent mixture of states |α(z) and |β(z) . This is clearly shown in Fig.2(d) , where the evolution of the coherence factor G(z) is plotted for a small index gradient F and for increasing values of n .
In conclusion, propagation of non-classical states of light (optical Schrödinger cats) in waveguide lattices can provide an accessible and controllable laboratory tool to simulate decoherence processes with highly nonMarvokian features. Our suggested photonic system could provide a test bed to simulate with photons different dynamical control schemes of decoherence, based e.g. on ultrastrong coupling [27, 28] or periodic modulation of the coupling to the continuum [32] .
